Abstract: A dominating broadcast on a graph G = (V E) is a function : V → {0 1 diam G} such that ( ) ≤ ( ) (the eccentricity of ) for all ∈ V and such that each vertex is within distance ( ) from a vertex with ( ) > 0. The cost of a broadcast is σ ( ) = ∈V ( ), and the broadcast number γ b (G) is the minimum cost of a dominating broadcast. A set X ⊆ V (G) is said to be irredundant if each ∈ X dominates a vertex that is not dominated by any other vertex in X ; possibly = . The irredundance number ir(G) is the cardinality of a smallest maximal irredundant set of G. We prove the bound γ b (G) ≤ 3 ir(G)/2 for any graph G and show that equality is possible for all even values of ir(G). We also consider broadcast domination as an integer programming problem, the dual of which provides a lower bound for γ b .
Introduction
The main purpose of this paper is to present a new tight upper bound for the broadcast number of a graph in terms of its irredundance number. These two parameters have been associated frequently with domination but never before with each other.
Broadcast domination can also be considered as an integer programming (IP) problem, which, as usual, may be relaxed to a linear programming (LP) problem. By considering the dual LP problem and its associated IP problem we obtain a generalization of 2-packings, which we call multipackings. The associated parameter, the multipacking number, provides a lower bound for the broadcast number.
A broadcast on a graph G = (V E) is a function : V → {0 1 diam G} such that ( ) ≤ ( ) (the eccentricity of ) for all ∈ V . We say that is a dominating broadcast of G if every vertex of G is within distance ( ) from a vertex such that ( ) > 0. The cost of a broadcast is given by σ ( ) = ∈V ( ), and the broadcast number of G is given by γ b (G) = min {σ ( ) : is a dominating broadcast of G}. A dominating broadcast of G such that σ ( ) = γ b (G) is called a γ b -broadcast.
For vertices
of G, we say that dominates if = or is adjacent to . A set X ⊆ V (G) is said to be irredundant if each ∈ X dominates a vertex that is not dominated by any other vertex in X ; it is possible that = . An irredundant set X is maximal irredundant if, for any ∈ V − X , X ∪ { } is not irredundant. The irredundance number ir(G) is the cardinality of a smallest maximal irredundant set of G. A maximal irredundant set of cardinality ir(G) is an ir-set.
Having dispensed with these basic definitions we now state our main theorem. The proof is given in Section 4 after the presentation of more definitions and background information in Section 2 and a brief discussion of the relevant IP and LP problems in Section 3. 
Definitions, notation and background
We follow the notation of [4, 13] . Consider a broadcast on the graph G. Erwin [11, 12] was the first to consider the broadcast domination problem, and mentioned the trivial bound
for any graph G. Other works on broadcast domination include [7, 9, 10, [16] [17] [18] 21] . In addition, Heggernes and Lokshtanov [15] and Dabney, Dean and Hedetniemi [8] showed that minimum broadcast domination is solvable in polynomial time for any graph and in linear time for trees, respectively. On the other hand, Pfaff [20] demonstrated that the problem of determining the irredundance number of arbitrary graphs is NP-hard. Thus the bound in Theorem 1. is an isolated vertex of G[X ], then ∈ pn( X ), otherwise pn( X ) = epn( X ). Clearly, then, X is irredundant if and only if pn( X ) = ∅ for all ∈ X . Irredundance was introduced by Cockayne, Hedetniemi and Miller [6] . Bollobás and Cockayne [3] showed that
The bound presented in Theorem 1.1 improves this bound.
For any positive integer and any vertex , we define the (closed) -neighbourhood of by
The vertex set of a graph G can be partitioned into four subsets (see Figure 1) : Further, let Z be the set of isolated vertices of G[X ]. Cockayne, Grobler, Hedetniemi and McRae [5] provide a useful necessary and sufficient condition for an irredundant set to be maximal irredundant.
Theorem 2.1 ([5]).

An irredundant set X is maximal irredundant if and only if
If A holds, we say that annihilates , and we call A the annihilation property. Henceforth we let X denote a maximal irredundant set of G. Then for each ∈ R there exists
∈ X , then R( ) and R( ) may or may not be disjoint. Moreover, by the annihilation property, for each ∈ R there exists ∈ X such that epn(
Broadcast domination as an LP problem
Like many other graph-theoretic parameters, broadcast domination can be considered as an integer programming (IP) problem. Its fractional relaxation linear program (LP) has a dual linear program (DLP) whose IP formulation provides a lower bound for the broadcast number, see (2) below, which we use to establish γ b (G ) for the graph G in Theorem 1.1.
We refer the reader to [14, Chapter 1] by P.J. Slater for a discussion of LP-duality in domination-related problems. Other papers on broadcast domination algorithms include [1, 2, 8, 15, 20, 22] . The IP objective function is given by min
There is one constraint for each vertex . We define B = {( ) : ∈ N [ ]}, the set of -neighbourhoods that contain . Our IP constraints require that each be in at least one selected -neighbourhood. That is, for each ∈ V ,
The fractional relaxation LP is given by
The dual LP has one variable for each vertex . It is
That is to say, we assign a weight to each ∈ V so that, for each ∈ {1 ( )}, the total weight in the -neighbourhood of does not exceed . In the case that ∈ {0 1} this simplifies to choosing a set of vertices Y so that each -neighbourhood of has at most vertices in Y . The following proposition is an immediate consequence of these concepts. 
Proof of Theorem 1.1
To prove our new upper bound, we first prove two lemmas. We use the notation defined in Section 2.
Lemma 4.1.
For any ∈ Z and any ∈ R( ), there exists ∈ X − Z such that ∈ R( ).
Proof. By (1),
Lemma 4.2.
If a graph G has an ir-set X such that G[X ] has only isolated vertices, then γ b (G) ≤ ir(G).
Proof. By Lemma 4.
We now prove Theorem 1.1, which we restate here for convenience. Let H be the graph depicted in Figure 2 . Since H has no universal vertex (a vertex adjacent to every other vertex of H), ir(H) ≥ 2. Also, X = { 3 4 } is irredundant and we only need to show maximality. Since pn( 3 X ) = { 2 } and pn( 4 X ) = { 5 }, X ∪ { } is redundant for each ∈ N[R] = { 1 1 2 5 6 6 }. This shows that ir(H) = 2. The function : V (H) → {0 3} defined by ( 3 ) = 3 and ( ) = 0 otherwise is a dominating broadcast of H, hence γ b (H) ≤ 3. Suppose H has a dominating broadcast with cost 2. Let be the vertex that broadcasts to 1 . Since ( ) ≤ 2, ∈ { 1 1 2 3 }, hence does not broadcast to 6 . Therefore ( ) = 1, ∈ { 1 1 2 }, and there exists a vertex = with ( ) = 1 that broadcasts to 6 . As for , ∈ { 5 6 6 }. Now 3 hears no broadcast, a contradiction. Therefore γ b (H) = 3. 
Theorem 1.1.
For any graph G, γ b (G) ≤ 3 ir(G)/2. Moreover, for each ∈ Z
Corollaries
In proving the next two corollaries to Theorem 1.1 we often define a broadcast on a component of an ir-set as for the Type 1, 2 or 3 components in the proof of Theorem 1.1. We then simply say that we use a Type assignment for , where ∈ {1 2 3}.
Corollary 5.1.
If a graph G has an ir-set X such that every nontrivial component of G[X ] has order at least three, then γ b (G) ≤ ir(G).
Proof. By 
Proof. Assume
As in the proof of Theorem 1.1, by using a Type 2 assignment on each K 2 component of G[X ] and a Type 1 or 3 assignment otherwise, we obtain a dominating broadcast of G with σ ( ) < 3 ir(G)/2, a contradiction.
(ii) Suppose ∈ C is adjacent to ∈ X , where / ∈ E(G). Then there exist distinct vertices ∈ X adjacent to and , respectively. Define a broadcast so that ( ) = 4, all other components have Type 2 assignments, and ( ) = 0 otherwise. Then is a dominating broadcast with σ (G) < 3 ir(G)/2, a contradiction. We now show that is not adjacent to any vertex in (iv) Suppose is an edge of G[X ] such that no vertex in C is adjacent to and . Note that pn( X ) = epn( X ) and pn( X ) = epn( X ). If ∈ pn( X ) is not adjacent to a vertex in R, then no vertex in R( ) annihilates . By the annihilation property each ∈ R( ) annihilates a vertex in X − { }, that is, ∈ R( ) for some ∈ X − { }, contradicting (iii). Thus each vertex in pn( X ) and, similarly, each vertex in pn( X ) is adjacent to a vertex in R.
Choose any
∈ pn( X ) and any ∈ pn( X ), and let ( ) = ( ) = 1. Use Type 2 assignments for all other components of G[X ], and let ( ) = 0 otherwise. We see immediately that N 2 [X − { }] is -dominated and only need to verify that
Since no vertex in C is adjacent to and , ∈ pn( X ) ∪ pn( X ) ∪ R and thus, as shown above, ∈ N [R] . By the annihilation property and the choice of , pn( X ) ⊆ N[ ] for ∈ { } and thus hears the broadcast from either or . Therefore is a dominating broadcast with σ ( ) < 3 ir(G), which once again is a contradiction. 
Conclusion
We have presented a new tight upper bound on the broadcast number of graph, γ b ≤ 3ir/2, and a construction of a graph G such that ir(G ) = 2 and γ b (G ) = 3 for any ∈ Z + . This new bound could prove helpful in determining the irredundance number of some graphs by providing a lower bound in polynomial time.
Although we have outlined five characteristics of graphs with γ = 3ir/2, a complete characterization of these graphs has yet to be found. Furthermore, the characterizations of graphs with γ b = 3ir/2, graphs with γ b = ir, and graphs with γ b ≤ ir remain open problems.
We explicitly restate the open problems here for future reference.
Problem 4.
Is it true that mp(T ) = γ b (T ) for any tree T ?
An affirmative answer to Problem 4 would be a nice generalization of Meir and Moon's result.
Problem 5.
Study multipackings.
